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The nonextendability and extendability of both a t-(v, k, X,) design (with 
k < u;2) and its complementary t-design are discussed in four cases: (A) a t- 
design is extendable and its complement is not extendable; (B) both a t-design and 
its complement are extendable; (C) a t-design is not extendable and its com- 
plement is extendable; (I)) both a t-design and its complement are not extendable. 
Nontrivial examples for each case are presented. Furthermore, some series of 
t-designs belonging to cases (A), (B), and (D) are also given. 
1. I~TTRQDUCTION 
A t - (v, k, h,) design (for brevity, t-design) is a system with v points (or 
treatments) and b blocks, each block containing k (t < k < v) different 
points, each point contained in Y different blocks, and every set of t distinct 
points contained in exactly h, (> 0) blocks. Then for any integer U, 0 < u < t, 
every t - (zj, k, h,) design is also a u - (v, k, h,) design with 
where (y) is the binomial coefficient and for symmetry of notation it is 
convenient to put Y = h, and b = h, . This t - (v, k, XJ design is also called 
a tactical configuration C[k, t, X, , v], which has been discussed in detail by 
Carmichael [5]. 
If 17 is a t - (v, k, h,) design, and 01 is a point of 17, then flu is defined to be 
the set of all points of 17 except a: and of all blocks of 17 which contain 01. 
Then 17, is a (t - 1) - (v - 1, k - I, A,) design and is called. a contraction 
of ILl. If II’ is a t-design and there is a (t f 1)-design 1T such that 17’ is iso- 
morphic to U, for some point 01 in Ll, then we say that L7 is an extension of Ll’, 
or IT’ is extendable. Thus, by definition of extension, it is generally true that 
one t-design might be extendable and another with the same parameters 
might not be extendable. 
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2. STATEMENT OF THE PROBLEM 
It is clear (see, for example, [IO]) that for u 3 k + t the complement of a 
f - (0, k, h,) design with parameters b (=A,), r (=A,), A, ,..., A, is a 
t - (0, ZI - k, A,‘) design with X1’ = Ci=, (-1)z(i) h, = X,y;“)/(:). Let I7 and 
IT* be a t - (v, k, h,) design with k < v/2 and its complement, respectively. 
Then, even if II is not extendable, 17” may be extendable. Thus, as a 
combinatorial problem for an extension of a t-design (t 3 2) we may consider 
four families: 
(A) 17 is extendable and I7* is not extendable; 
(B) both I7 and I7* are extendable; 
(C) I7 is not extendable and II* is extendable; 
(D) both II and II* are not extendable. 
If the classes of t-designs belonging to the above four families are charac- 
terized, they appear to have some combinatorial interest in themselves and 
are useful to the clarification of the structure of a t-design. Recent work 
(e.g., [2, 4, 6-8, Ill) has been directed toward determining whether a 
t-design 17 is extendable or not: and is a contribution to the consideration of 
families (A) and (B). Here we shall discuss t-designs belonging to each of the 
four families. 
3. DISCUSSION 
It is known (cf. [6]) that a necessary condition for a t - (0, k; h,) design 
with parameter b to be extendable is that 
b(v + 1) = 0 (mod k t 1). (1) 
Similarly, it can be shown that a necessary condition for the complement of a 
t - (v, k, X,) design with parameter b to be extendable is that 
b(v + 1) = 0 (mod v - k +- 1). (II) 
These necessary conditions are useful to the later arguments for extendability 
of a t-design. 
LEMMA. The complement of a t - (v, k, 1) design with t < k < 1112 is not 
extendable. 
Proqf If IT is a t - (~1, k, h, = I) design with t < k < v/2, then II* is a 
t - (0, v - k, h,*) design with A,* = (“;“)/(f). Furthermore, if 2 is an 
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extension of 17*, then ,Z* is a (t + 1) - (D +- 1, k, hi+,) design with Xi,, = 
h,*(,:,)/(“;tzl) = (k - t)/(v - k + I), which is clearly less than 1 provided 
t < k < v/2. Thus, a (t + 1) - (U -+ 1, k, hi,,) design does not exist. 
Hence, fl* is not extendable. 
A finite projective s-dimensional geometry over Galois field GE’(q), where q 
is a prime or a prime power, is denoted by PG(s, q) and the corresponding 
affine geometry by AG(s, q). Note that PG(s, q) and AG(s, q) are the only 
finite desarguesian s-dimensional projective and affine geometries for all 
prime powers q, respectively. It is well known [3J that by choosing the points 
as treatments and all d-dimensional linear subspaces (Mats) as blocks from 
PG(s, q) and AG(s, q): we get 2-designs with parameters v = +(.Y, 0, q), 
b = +(sz d, q), r = +(s - 1, d - 1, q), k = +(d, 0, q), A, = $(s - 2, d - 2, q) 
and D = q”, b = qSMd4(,s - 1, d - 1, q), r = d(s - 1, d - 1, q), k = qd, 
h, = $(s - 2, d - 2, q), respectively, where #@, d, q) = (qsfl -- l)(q” - 1) ..* 
(y~-“+l - Q&d+1 - I)(q” - 1) ... (q - 1) is the number of d-fiats in 
PG(s, q). Designs so obtained from PG(s, q) and AG(s, q) are denoted by 
PG(s, q) : d and AG(s, q) : d, respectively. Necessarily, s > d. 
Regarding the four families described in section 2 for extendability, we can 
obtain the following observations. 
There are some series of t-designs for this case. Some of them are as 
follows. 
(I) An affine resoIvable 2 - (n”[(n - 1) p + l], n[(n - 1)~ + 11, 
tip + 1) design is extendable if and only if it is a 2 - (19, n, 1) design, some 
of which exist as AG(2, n) : 1 for a prime or a prime power IL In this case, 
extended 3 - (n” + 1,~ + 1, 1) designs of AG(2, tz) : 1 exist (cf. [6-81). The 
compIement of an atline resoIvable 2-design, except the trivial 2 - (4,2, 1) 
design, is not extendable. 
Proof. The parameters of an affine resolvable 2-design, v= 
n2[(n - 1)~ + 11, b = n(n2p + n + I), r = n2p + n + 1, k = 72[(7z - 1)~ + 11, 
A, = np L 1, and condition (I) lead to the integral value for 
r?(n f l)/[$n - 1)~ + n + 11, which can be shown to be integral only 
when p = 0. The case p = 0 implies a 2 - (n2, iz, 1) design. On the other 
hand, if there exists an extension, 3 - (nk + 1, nk - k + 1, nk - k - 1) 
design, of the complement of an affine resolvable 2 - (Hk, k, np + 1) design, 
then there also exists the complement, 3 - (nk + 1, k, X,‘) design, of a 
3 - (rsk + 1: nk - k + 1, nk - k - 1) design. In this case, h,’ = 
X,‘(nk - l)/(k - 2) = N& + [2pn2 - (p - 2)n - l]/[,& - (2p - 1) F? + 
(p - 1)~ t 11, which can be shown to be integral only when n = 2 and 
p = 0. The case n = 2 and p = 0 yields a trivial extendable 2 - (4, 2, 1) 
design. 
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(2) A 2-design PG(s, 2) : d is extendable to an AG(s + 1,2) : d + 1 
(cf. [4, 61). However, the complement of the 2-design PG(s, 2) : d is not 
extendable when d = 1,2, s - 1 and s - 2. 
ProoJ The extension of the complement of a PG(s, 2) : d yields the 
parameters of a 3 - (2S+1, 2d+1 - 1, h3) design with h, = +(s - 2, d - 2,2) . 
(2dfi - 3)/(2s+1 - 2d+1 + l), which can be shown to be nonintegral for 
d=1,2,s-2,ands-l1.Notethatsincek=3andh,=linaPG(s,2):1 
for d = 1, the result for d = 1 also follows from the lemma. Further, note 
that h, may be nonintegral for 3 < d < s - 3. 
(3) Though the complement of a 2-design PG(2, q) : 1 is not extendable, 
it is known [6] that if a PG(2, q) : 1 is extendable, then q = 2, 4, or 10, but 
it seems that there is no information for the existence of a PG(2, 10) : 1. 
Proof. For a PG(2, q) : 1, conditions (I) and (II) lead to the integral 
value for 12/(q + 2) and (q - l)/(q2 + l), respectively. The integral value 
for 12/(q + 2) yields q = 2, 4, or 10. That, for (q - l)/(q2 + I), is impos- 
sible. This fact implies that the complement of a PG(2, q) : 1 is not extendable. 
This result also follows from the lemma. 
(4) A 2-design AG(s, q) : s - 1 is extendable when and only when 
s = 2, that is, none of the 2-designs AG(s, q) : s - 1 with s > 3 are 
extendable (cf. [6-g]). If the complement of an AG(s, q) : s - 1 is extendable, 
then s = 2 and q = 2. 
Proof. For an AG(s, q) : s - I, conditions (I) and (II) lead to the integral 
value for (q + l)/(q”-” + 1) and (qs - l)/(q - l)[(q - 1) qs-l + 11, 
respectively, which can be shown to be integral only when s = 2, and only 
when s = 2 and q = 2, respectively. 
(5) A 2-design AG(s, q) : 1 always satisfies condition (I), but the 
complement of an AG(s, q) : 1 satisfies condition (II) only when q = 2. 
Proof. For an AG(s, q) : 1, condition (I) implies qs-l(qs + l)(qs-l + 
qs-2 + ... + q + 1) = 0 (mod q + l), which always holds. Condition (II) 
leads to the integral value for (q - 2)/(q” - q + l), which can be shown to be 
integral only when q = 2. Incidentally, note that since k = q and X, = I for 
an AG(s, q) : 1 the lemma implies that the complement of an AG(s, q) : 1 
is not extendable for q > 2. 
(6) Cameron [4] has shown that if .L! is an extendable symmetric 
2 - (0, k, h,) design, then one of the following holds: (i) IT is a Hadamard 
design (i.e., v = 4h, + 3, k = 2X, + 1); (ii) v = (X, + 2)(Xzz + 4X, + 2), 
k = AZ2 +3X, + 1; (iii) v = 111, k = 11, X, = 1; (iv) v = 495, k = 39, 
X, = 3. Since the complement of a symmetric 2-design is again symmetric, 
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it follows that the complements of these four symmetric 2-designs are not 
extendable. Of course, this fact also follows from condition (II). 
Other series or individual examples of extendable t-designs for this case 
(e.g., 3 - (10, 4, 1) design, 3 - (22, 6, 1) design, 3 - (10, 4, 2) design, 
and so on) can be found by trial and error from many series of known 
extendable t-designs (t > 3). 
Remark. Concerning (2) and (3) above, we have [6, 81 that no 2-designs 
PG(s, q) : s - 1 with s > 3 and q > 3 are extendable. As an alternative 
and simple derivation of this result, condition (I) yields b(v + l)/(k + 1) = 
q(qs + qs-l + ... + q2 + 3) + (q3 - 4q2 + 5q - 2)/(qs + q - 2) whichcan 
be shown to be nonintegral for s > 3 and q > 3. This observation also 
follows from Cameron’s result (6) and some calculations. 
Family (B) 
Some t-designs exist for this case. 
(7) Let 2 be a (t + 2) - (U + 2, k + 1, h’) design, and let CL and /I be 
points of 2. LetJ7 be the t - (a, k, X) design with h = X’(v - k + l)/(k - t) 
consisting of the points different from a: and p and the blocks of Z containing 
01 but not /3 (for this construction, see [ll]). Then both 27 and IT* are clearly 
extendable to (t + I)-designs ((Z*),)* and (.&)*, respectively. Thus, we can 
provide infinite series of 2- and 3-designs for this case from the known 
infinite series of 4- and 5-designs (cf. [I]). 
As trivial types we have a t - (u, t, X,) design (i.e., all combination type) 
and a t-design with k = u - 1. As other examples, there are a 2 - (9,4, 3) 
design and a 2 - (15, 7,27) design. Extendable t - (2k + 1, k, h,) designs 
for even integers t [l] may yield many examples of this case. Note that as 
possible designs of this case there may be a 2 - (21,7, 6) design, a 
3 - (16, 7, 15) design, a 3 - (22,7, 8) design, a 4 - (17, 8, 15) design, 
and so on. 
Family (C) 
Several t-designs for this case suggested the problem of this article. For 
example, consider a 2 - (31, 8, 28) design. From condition (I) a 
2 - (31, 8, 28) design is not extendable. However, one of its complement 
2 - (31, 23, 253) designs is extendable, since an AG(5, 2) : 3 [9] yields a 
3 - (32, 24, 253) design. 
(8) Let Z’ be a (t + 1) - (v + 1, k, h) design and CY a point of Z: Let 
17 be the t - (u, k, h’) design with h’ = X(v + 1 - k)/(k - t) consisting of 
the points different from 01 and the blocks of 2 not containing 01. Then it 
follows from the structure of Z and 17 that IT* is extendable to Z*. In this 
type, if 17 is not extendable, then 17 belongs to Family (C). Applications of 
this approach to the known infinite series of t-designs yield many examples 
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belonging to Family (C). For example, there are a 4 - (23, 8, 4) design, a 
4 - (23, 8, 8) design, and a 4 - (35, 12, 135) design for this case since there 
exist a 5 - (24, 8, 1) design, a 5 - (24, 8, 2) design, and a 5 - (36, 12, 45) 
design (cf. [6, 121). 
Some individual t-designs for this case can be found by trial and error. 
Family (D) 
From conditions (I) and (II) many series of known t-designs (t 3 2) 
yield some series of t-designs for this case. An extended 3-design 
AG(s + 1, 2) : d + 1, i.e., a 3 - (2 stl, 2d+1, A,) design with A, = $(s - 2, 
d - 2, 2) [9], in (2) is not further extendable for d = s - 1 and d = s - 2, 
except for a 3 - (16,4, 1) design whose extendability is not known. In 
general, a 3 - (2s+1, 2d+1, h3) design may be not extendable, except for 
finitely many 3-designs. From the point of view of an extension of a t-design, 
this case has little interest for us. 
The argument described above can be carried out for many series of known 
t-designs with t 3 2. In that case, we may obtain some useful results from 
the point of view of extendability of a t-design. However, they are omitted 
here. 
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